Introduction
In this paper we present a brief survey of several topics and applications of the theory of pseudodifferential operators. First, we define a pseudodifferential operator when the underlying space is the Euclidean space. We discuss the main properties of pseudodifferential operators, and then we extend the definitions to a smooth manifold. We conclude with the treatment of elliptic pseudodifferential operators.
Following [Stein] , we begin with a formal definition of a pseudodifferential operator: it is a mapping u → A(u) defined by (Au)(x) = e ix·ξ a(x, ξ)û(ξ)dξ,
where,û is the Fourier transform of u given bŷ u(ξ) = (2π) − n 2 e −ix·ξ u(x)dx.
a(x, ξ) is called the symbol of A, and A might be written sometimes as A a or Op a. Finally, from this point on in writingû we set (2π)
Pseudodifferential operators can be also defined using amplitudes a(x, y, ξ):
Au(x) = e i(x−y)·ξ a(x, y, ξ)u(y)dydξ
Observe that formally (1) is equivalent to (2) withû written explicitly and a(x, ξ) replaced by a(x, y, ξ).
Amplitudes and Symbols
We make the above definitions precise now. We start with amplitudes and follow with symbols. We give an example and then show the connection between the two definitions of a pseudodifferential operator. We end the section with a basic property of a pseudodifferential operator.
Let us establish some notation. Ω will denote an open subset of R n . E (Ω) -the dual of the C ∞ functions, which can be shown to be the same as the space of compactly supported distributions. Definition 2.1. Let m be any real number. Then S m (Ω, Ω) will denote the linear space of C ∞ functions a(x, y, ξ) in Ω × Ω × R n such that for each K ⊂⊂ Ω × Ω and for every multindex α, β, γ, there exists a constant
for all (x, y) ∈ K, ξ ∈ R n .
Remark 2.2. The elements of S m (Ω, Ω) are called amplitudes of degree ≤ m.
Remark 2.3. Observe that since (1 + |ξ|
is a Fréchet space with the topology generated by seminorms
where C α,β,γ (K) satisfies (3). By given, a(x, y, ξ) is smooth in x and y. Next, since we can set β = γ = 0 in (3) we obtain that for fixed (x, y), a(x, y, ξ) is a Schwartz function in variable ξ. In fact, we can view a(x, y, ξ) as a smooth mapping from Ω × Ω to the tempered distributions (since S ⊂ S ):
Since the Fourier transfer is an ismorphism of S , there exists a function denoted by
This means
A(x, y) = e i(x−y)ξ a(x, y, ξ)dξ
We remark (4) can be regarded as an oscillatory integral. Next, A(x, y) defines a continuous linear mapping from test functions to distributions,
This leads us to the following definitions.
where the integration with respect to y is performed first followed by the integration with respect to ξ. Mapping A(x, y) from (5) is called kernel of A. We turn our attention to symbols.
Definition 2.6. Let m be any real number. We denote by S m (Ω) the subspace of S m (Ω, Ω) consisting of the amplitudes a(x, ξ) independent of y.
This definition is in the spirit of [Treves] . It is possible to give an equivalent defintion without mentioning of the amplitudes.
Definition 2.7. [Stein] Let m ∈ R and a(x, ξ) be a smooth function on R n × R n . Then a is a symbol of order m, if for all multi-indices α, β there exist a constant C αβ satisfying
Regardless of which definition we follow, S m can be shown to be a Fréchet space. As before, we also have S l ⊂ S m for l ≤ m. Similarily, we set S −∞ = ∩ m S m . Finally, we will say that a symbol with certain properties is uniquely determined modulo S −∞ if given two symbols with these properties, their difference belongs to S −∞ .
Example 2.8. A straightforward example (which is also often used to motivate the definition of pseudodifferential operators) is given by P (x, ξ), where P is a polynomial with respect to ξ of degree m with coefficients in C ∞ :
α u(x) also belongs to S, so we can express D α u(x) using the Fourier inversion formula as
Using the properties of the Fourier transform,
Therefore applying P (x, D) to u we obtain
as promissed. Now, the following theorem and its proof (which is rather lengthy and we will omit) give a connection between the amplitudes and symbols.
Induces a linear bijection of
Now, in the proof of this theorem when one considers the Taylor expansion of a(x, y, ξ) with respect to y in the neighborhood of x together with some additional work, one arrives at the following conclusion:
The above shows that a pseudodifferential operator can have infinitely many amplitudes but only one symbol.
Pseudodifferential operators can be extended as continuous linear maps from the space of distributions with compact support, E (Ω) into D (Ω). Let H s (Ω) denote the Sobolev space with the norm ||u|| 2 s = |û| 2 (1 + |ξ| 2 ) s dξ. Then the following theorem gives a more precise result. We will use its corollary shortly.
Theorem 2.10. [Nirenberg] Let A be a pseudodifferential operator in Ω of order ≤ m. Then given any real number s, A can be extended as a continuous operator from
Corollary 2.11. [Treves] Every pseudodifferential operator of order −∞ in Ω is regularizing, i.e. maps
Proof. The first part of the corollary follows immediately from the theorem together with the fact that ∩H s ⊂ C ∞ . The second part is a consequence of the first part and the Schwartz Kernels Theorem which says that a kernel of every continuous linear map
3 Pseudodifferential Operators are Pseudolocal
As we already showed a partial differential operator with smooth coefficients leads to a pseudodifferential operator. We proceed to describe an important property of pseudodifferential operators. Its discussion illustrates that Ψ(Ω) contains much more general objects than just differential operators. It trivially follows that every differential operator is local. Moreover, the theorem by J. Peetre says these are the only local operators. If we consider any of the forms of a pseudodifferential operator, we can easily observe, a pseudodifferential operator is not necessarily local. However, it is pseudolocal. We introduce the concept of pseudolocality now. What is meant here is that on the complement of sing supp v there corresponds to v a C ∞ function f v such that the action of v on φ, < v, φ >= f v φdx.
Proof. To show A(x, y) is a C ∞ function off the diagonal, we let g and h be two test functions with disjoint supports. Then it is enough to show
and let u ∈ C ∞ (Ω). Now consider the operator u → gA(hu). We will show, gAh has an amplitude with a degree that can be made arbitrarily negative which will imply gAh is of order −∞, so its kernel is a C ∞ function by Corollary 2.11 as needed. By definition of A we have,
where the last line follows by integration by parts with respect to ξ. Now consider,
Since a(x, y, ξ) satisfies (3), we get gAh has an amplitude of order m − 2k as needed.
Theorem 3.4. [Treves] and [Nirenberg] A pseudodifferential operator A is pseudolocal.
Proof. The goal is to show sing supp Au ⊂ sing supp u for every u ∈ E (Ω). Suppose that u is smooth in a neigborhood of x 0 . Let φ ∈ C ∞ c such that u is smooth on supp φandφ ≡ 1 on a neighborhood of x 0 . Then we can write u as u = φu + (1 − φ)u
Since φu ∈ C ∞ 0 by definition of A, A(φu) ∈ C ∞ . Now we consider
The integrand has a compact support so we can differentiate under the integral sign. We just need to make sure (x, y) does not belong to the diagonal of Ω × Ω. Let x ∈ supp φ, then if y = x, 1 − φ(y) = 0 and the integrand is zero. It follows if y ∈ supp(1 − φ(y)) then (x, y) is in the complement of a neighborhood of the diagonal, and the result follows.
Symbolic Calculus
We have defined pseudodifferential operators using both amplitudes and symbols. To quote [Nirenberg] "The notion of pseudodifferential operator has grown in recent years out of attempts to describe an algebra of linear operators large enough to contain all differential operators and, whenever, possible, their inverses. Of course, it is important here that the new operators be close enough to differential operators so that it is convenient to compute with them.
At this point we would like to start looking for inverses. The inverses involve multiplication of pseudodifferential operators, and this is the time where symbols will be more desirable to use. To illustrate, if we multiply (compose) two operators A, B expressed using amplitudes we would obtain:
which can be reduced to
Clearly, this is not a very simple formula. As it turns out, when we multiply two pseudodifferential operators and use their symbolic definitions, the multiplication of the operators translates to, in some sense, a multiplication of their corresponding symbols. We begin with introducing a concept of a formal symbol [Treves] . We call a sequence of symbols a j ∈ S m j with orders m j strictly decreasing and → −∞ a formal symbol, and denote it by formal series
Then a symbol a(x, ξ) belongs to a class of formal symbols if for any positive number M , there is an integer J ≥ 1 such that
The following lemma gives us a precise result.
Lemma 4.1. [Nirenberg] Let a j ∈ S m j and m j → −∞, then there exists a ∈ S m 0 such that for each N ≥ 1
Proof. We define
where ϕ ≡ 0 for |ξ| < 1 and ϕ ≡ 1 for |ξ| > 2. Also t j → ∞ rapidly. It is not difficult to show a satisfies the requirements, and we omit the computations.
Following [Nirenberg] we will write a ∼ a j if (11) is satisfied. j a j is also called an asymptotic expansion of a. [Raymond] We now arrive at the main theorem of this section. 
Also, we will say a • b if (11) holds.
Pseudodifferential Operators on Manifolds
Let M and N denote smooth manifolds of dimensions m and n respectively. For motivation of the definition of a pseudodifferential operator we recall the definition of a smooth map between two manifolds. A map f is a C ∞ map between M and N if it is smooth in local charts, i.e., if
is smooth for every {U i , ϕ i } and {V j , ψ j }, where {U i , ϕ i }qand{V j , ψ j } are local charts for M and N respectively.
Pseudodifferential operators on manifolds are defined in a similar way. However, before we give the definition we need to introduce two isomorphisms. We follow [Treves] . Let x → y = ϕ(x) be a change of coordinates from U ⊂ R m onto V ⊂ R m . This is a diffeomorphism. It follows that the Jacobian matrix J ϕ is invertible at every point. Let y → x = ϕ −1 (y) denote the inverse diffeomorphism and J(y) be the corresponding Jacobian. Now, ϕ induces an isomorphism ϕ
m we define the transfer of A to V via ϕ by
Now we are ready to give the definition of a pseudodifferential operator on a manifold M .
We would like to show this definition is independent of the choice of coordinates. This is shown with the aid of the following lemma which we state without proof. Lemma 5.2. [Treves] There is an open covering {W j } of V × V such that for each j there is a C ∞ function J j (y, y ) valued in the linear space of n × n matrices, invertible and such that
The following shows the invariance of the class of pseudodifferential operators under a C ∞ change of variables.
Proof. We show that if
, where a ϕ will be constructed directly from a. This will show that A → A ϕ maps Ψ m (U ) injectively into Ψ m (V ). To show onto, we can just apply this result to the mapping B → B ψ with ψ = ϕ −1 . We begin by letting h j (y, y ) be a partition of unity subordinate to {W j }, where {W j } is as in the above lemma, and which we can assume to be a locally finite cover. Let a(x, x , ξ) be an amplitude of A and let v ∈ C ∞ c (V ) be considered as a member of E (V ). Then by definition of A ϕ ,
where the last line follows by the change of the variable formula. Therefore
Considering action of ϕ * on A{v(ϕ(x))| det J ϕ |} ∈ D (U ) we obtain
Next by the lemma
It follows
where the last line follows by the change of variable: ξ → J −1 j T η, and where
This shows A ϕ (y) = e i(y−y )·η a ϕ (y, y , η)v(y )dy dη
We can extend theorem (3.4) to manifolds.
Theorem 5.4. Any pseudodifferential operator in M is pseudolocal.
6 Elliptic Pseudodifferential Operators
for large ξ.
Remark 6.2. We will also call a symbol a(x, ξ) ∈ S m elliptic if it satisfies the above inequality. Also, the above defintion is given by [Stein] as well as most recent sources. [Nirenberg] defines the elliptic operators by requiring p(x, ξ) to be invertible for large |ξ| and having its inverse satisfy
for x ∈ K compact and |ξ| ≥ c.
We give now a natural definition of an elliptic pseudodifferential operator on a manifold M . Definition 6.3. A pseudodifferential operator A of order m in M is said to be elliptic if given any local chart (U j , ϕ j ), the symbol of A is elliptic of degree m in (U j , ϕ j ).
Next we turn to presenting several properties of elliptic pseudodifferential operators. Among many things, they will show that the above defintions are equivalent. Proof. [Kenig] Suppose (1). We wish to find b ∈ S −m such that
We will find symbols b j by solving certain equations and then defining b by
First we set b 0 = a −1 η(ξ) where η = 0 near the orgin and η(ξ) = 1 for ξ large. Then if we consider Op b 0 Op a we will obtain Op b 0 Op a = I + E 0 where E 0 ∈ Ψ −1 by Theorem (4.2). Next, once b 0 , ...b j are chosen satisfying
We set b j = e j−1 a −1 η(ξ) ∈ S −m−j .
And then e j = b j • a − b j a ∈ S −j−1 .
It follows (b 0 + ...b j ) • a = 1 + e j , e j ∈ S −j−1 .
The right inverse is constructed similarily. Now suppose (2) is true. Let b satisfy (2). Then we have a(x, ξ)b(x, ξ) − 1 ∈ S −1 (Ω).
This means that we have, |a(x, ξ)b(x, ξ) − 1| ≤ C(1 + |ξ|) −1 .
Then we can find R > 0 such that C(1 + |ξ|)
if |ξ| is large enough, or |ξ| > R. The choice of Proof. The proof is immediate.
Corollary 6.7. If A ∈ Ψ(U ) is elliptic, then given any distribution u ∈ E (U ) and any open subset O of U if Au ∈ C ∞ (U ) then u ∈ C ∞ (U ).
Proof. Let B be a parametrix of A then B ∈ Ψ −m and BA = I + R, where R ∈ Ψ −∞ . Then we can write u as u = B(Au) − Ru
Then Ru ∈ C ∞ , and since by given Au ∈ C ∞ and B is pseudolocal, we have BAu ∈ C ∞ (U ) as needed.
